The Mixed convention/braking Actuation Mobile Robot (MAMR) was designed to tackle some of the drawbacks of conventional mobile robots such as losing controllability due to primary actuator failures, mechanical complexity, weight, and cost. It replaces conventional steering wheels with braking actuators and conventional drive wheels with a single omni-directional wheel. This makes it fall under the category of under-actuated mobile robots. The brakes have only two states, ON and OFF, resulting in discontinuous dynamics. This inspires the use of a discontinuous control law to control the system. This work presents a Sliding Mode Controller (SMC) design to park the MAMR system from a given initial configuration to a desired final configuration. Experimental results are presented to validate the parking control of the MAMR.
Introduction
In recent years, research in the area of mobile robots has received much attention due their broad areas of application. Such areas include factories (e.g., automated guided vehicles used for moving parts from one point to the other), military operations (e.g., unmanned ground reconnaissance vehicles used for surveillance and monitoring), healthcare (e.g., pharmaceutical delivery), and household (e.g., floor cleaning and lawn mowing) [1] . Because of the need for mobility to accomplish tasks, the dynamic nature of the environment in which the robot is operating, and the need for online modification of the robot's behavior, a special focus was given to locomotion.
Locomotion is the primary function of mobile robots that enables them to accomplish tasks that require mobility [2] . Mobile robots can locomote either by mimicking biological phenomena such as walking [3, 4] , skating [5] , swimming [6, 7] , flying [8, 9] , and others [10] [11] [12] ; or using actively powered wheels such as Wheeled Mobile Robots (WMR) [13, 14] . Locomotion schemes differ in terms of mechanical construction and control complexity. While mobile robots can use any of these locomotion methods, locomotion systems that use wheels and electric motors are the most common technique for fairly flat and planar applications.
Mobile robots typically use conventional actuators, especially electric motors, to drive each degree of freedom. Such mobile robots suffer from loss of controllability if one of the conventional actuators fails during operation. In addition, they suffer from high weight, high cost, and mechanical complexity, especially if the degrees of freedom are high. For example, the Sample Return Rover (SRR) from the Jet Propulsion Laboratory uses four wheels that are all powered and steered. The SRR has been used effectively in rough environments for sample cache retrieval, lander rendezvous, and all-terrain exploration. However, the SRR suffers from both mechanical and control complexity as a result of each wheel being powered and steered [16, 17] .
To solve such problems in mobile robotics, the authors in [15, [18] [19] [20] proposed a new actuation approach that uses a mixture of conventional and braking actuation systems. This approach results in a new mobile robotic platform called the Mixed conventional/braking Actuation Mobile Robot (MAMR). In this robot, the steering wheels are replaced by brakes and the conventional drive wheels by a single omni-directional drive wheel (see Fig. 1 ). The primary benefits of the MAMR Arduino UNO Omni-directional drive Solenoids
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Cytron 10A DC motor driver Figure 1 : The prototype of the MAMR used for experimental validation. This robot is the same robot as the one used in [15] except the Adafruit motor driver is replaced by a Cytron 10A DC motor driver.
platform over conventional mobile robotic platforms include [15] :
1. Its ability to regain the controllability of the system under actuator failure. For example, for the differential drive robot shown in Fig. 2 , if one of the conventional drive fails during operations, the controllability of the system can be regained by activating an appropriate brake and using it as a rotation axis.
2. Its simplicity of actuation. The use of ON/OFF brakes instead of conventional actuators can result in a simpler system in terms of actuator complexity and drive electronics.
3. Its potential to reduce the overall weight and cost of the system. For instance, an ON/OFF brake can be actuated by a solenoid, which can be made to be far lighter and less costly than a DC drive motor.
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Drive motor failure Brakes Wheels Figure 2 : Differential drive robot with brakes incorporated along the wheel plane [15] .
4. Its potential to help in the miniaturization of mobile robots. A brake merely requires a method of controlling the frictional contact between a robot and its environment. Various MEMS devices (e.g. electrostatic and thermal actuators) can be used to make and break contact with the environment or change the effective coefficient of friction.
An additional advantage of this platform is that it can be configured for a variety of environments based on the design and type of the braking actuator. For example, Simmons et al. [19] presented a prototype of the MAMR that uses a ball-type caster as a braking actuator. Improving on the design presented in [19] , Nikshi et al. [15] presented a prototype of the MAMR that uses brakes with conventional wheels to improve the coefficient of friction and reduce the mechanical complexity due to using an omni-directional ball-type caster.
Control problems in mobile robots can be posed for various tasks such as set point stabilization, trajectory tracking, and path following [21] . Because the environment in which a robot operates can be complex and inherently uncertain, developing an approach to controller design is a chal-lenging task and has received significant attention from the research community. Currently, the choice and design of an appropriate controller for mobile robots is primarily driven by the intended application.
Parking/posture control is considered to be a representative problems in synthesizing controllers for mobile robots [22] . The complex environments in which mobile robots operate motivates the use of intelligent control techniques. In many parking control problems, Fuzzy Logic Control (FLC) is used to incorporate human knowledge to control the system intuitively, especially if it is difficult to develop model-based controllers. Chang et al. [23] , investigated the use of FLC to solve the parallel parking problem for WMRs.
With respect to the MAMR, the authors in [20] used FLC to control the y position and orientation of the robot and then used a proportional controller with saturation to control the x position to fully park the robot. In [20] , the driving force was kept constant to simplify the problem. The major limitation of using FLC in this application is the substantial increase of the fuzzy rule bases if the x and y positions were controlled simultaneously while operating under variable driving force.
In addition, for larger operating regions and more complicated tasks, constructing the rule bases can be difficult. To solve these problems, the authors in [18] proposed the use of Sliding Mode Control (SMC). With this controller, the x and y positions were controlled simultaneously under variable driving force. In addition, the SMC is more robust and is a natural control strategy for MAMR due to the discontinuous nature of the dynamics. The authors proved in [18] that the SMC can be used to park the MAMR from a given initial configuration to a final configuration.
This work builds on our previous work on the parking control problem of the MAMR presented in [15, 18] by demonstrating experimental performance of a SMC-based parking controller. The MAMR presented in [18] , with its ball-type caster brakes and ability to move in any direction, is treated as holonomic. However, the robot presented in [15] and discussed in this paper incorporates conventional wheels and carries their nonholonomic constraints with them. In this work, we present the experimental validation of the SMC in application to the MAMR. In addition, this work shows the dynamics of the robots presented in [18] and [15] remain similar for both reaching and sliding phases of the SMC.
The remainder of the paper is organized as follows. In Section 2, the mathematical modeling of the MAMR is presented. Section 3 presents controller design and discussion. The experimental 
Mathematical Model
The equations of motion for the MAMR are derived in [15] and revisited here for the sake of completeness. Because of the nonholonomic constraints due to conventional wheels, the robot has less controllable degrees of freedom than the total degrees of freedom of the system. The free body diagram of the robot with two coordinate systems, the global and local coordinate frames, is shown in Fig. 4 . The global coordinate frame is denoted by (x, y) and the local coordinate frame by (x r , y r ). They also define the positions of the robot's center of mass in their respective coordinate frames. The orientation of the robot is defined by θ, which is the angle between the x r -axis and x-axis.
The equations of motion can be derived in either of the coordinate frames and transformed from one to the other. The details on the derivation of the equations of motion in the local coordinate frame can be found in [15] and are summarized here as
where m is the total mass of the robot, µ
k is the kinetic coefficient of friction, F d is the driving force, F (i) ∈ {0, 1} is a discrete state that describes the state of brake i, I is the moment of inertia about the center of mass, x r for terms that are outside the summation signs in (2) and (3) to avoid confusion with the notation.ẋ r is the velocity along the x r -axis,ẏ r is the velocity along the y r -axis,θ is the angular velocity,ẍ r is the acceleration along the x r -axis,ÿ r is the acceleration along the y r -axis, andθ is the angular acceleration of the robot. v (i) is the velocity vector of brake i given by
in the local coordinate frame and ||v (i) || is the magnitude of the velocity vector which is given by
In this work, the analysis is done in the global coordinate frame for the sake of simplicity.
The local equations of motion are transformed to the global coordinate frame using the orthogonal transformation matrix, R(θ), given by
The local and global motions of the robot are related by Using (6) and (7), the local equations of motion given by (1), (2), and (3) are transformed to the equations of motion in the global coordinate frame as
whereẋ andẏ are the x and y velocities of the robot's center of mass in the global coordinate frame, respectively. x (i) and y (i) are the components of the position vector, r (i/G) , in the global coordinate frame and are given by
The velocity vector of the braking point, v (i) , in this case is decomposed in the global coordinate frame asẋ (i) andẏ (i) , which are given by
and its magnitude, ||v (i) ||, is given by
In a special case of (8), (9), and (10), the dynamics of the MAMR can be treated as if the system were in fixed axis rotation for the case that there is only one brake active and that both the velocity and driving force are sufficiently small. This makes intuitive sense given the assumption of a Coulomb friction model, as the effect of static friction will not be overcome for a sufficiently small force. As a result, if one brake is locked, then the MAMR, driven by the omni-directional drive wheel, will pivot about this locked braking point. The free body diagram of the MAMR for fixed axis rotation is shown in Fig. 4 . The equations of motion under this assumption are given bÿ
where the subscript p indicates the active brake. I (p) is the moment of inertia about the active braking point p and is given by
r and y (p) r are the x r and y r components of the position of active brake p in the local coordinate frame, respectively.
Control Design
In contrast to controlling the x and y positions of the MAMR sequentially using FLC as in [20] , the objective here is to control the x and y positions simultaneously. The parking problem under consideration is illustrated in Fig. 5 . The goal is to drive the MAMR from a given initial configu-
SMC can be seen as an obvious choice for the parking control of the MAMR because of the discontinuous dynamics imposed by the two-state braking actuators. It also avoids the substantially increased complexity of the fuzzy rule bases that would be seen with the FLC of [20] if the x and y positions of the robot were controlled simultaneously while operating under variable driving force. The design of the SMC with application to the MAMR was first introduced in [18] and is summarized here for the sake of completeness. It is important to point out that the SMC designed in [18] was for the holonomic MAMR that used a ball-type caster as a brake. This work, however, designs and implements the SMC to the nonholonomic MAMR that uses braked, free spinning conventional wheels.
To park the MAMR at a desired final configuration from a given initial configuration, two sliding surfaces have been designed under the SMC framework. These are depicted in Fig. 6 where the first sliding surface, S 1 (θ), brings the robot closer to the target point and the second sliding surface, S 2 (θ), stabilizes the robot about its final configuration. The robot is then brought to a stop while sliding on S 2 (θ) once the target point is attained. The first sliding surface is defined as
where e θ 1 = θ d 1 − θ is the error in orientation and λ 1 is an arbitrary positive constant. For this surface, the desired orientation is defined as
where x f and y f are the desired final x and y positions of the robot, respectively. The second sliding surface has a similar form to S 1 (θ) and is defined as
where e θ 2 = θ d 2 − θ is, similarly, the error in orientation and λ 2 is another arbitrary positive constant. For this surface, however, the desired orientation is defined as θ d 2 = 0. Note that any angle can be chosen as the final orientation. From (17) and (19), one can see that if S 1 (θ) and S 2 (θ) converge to zero, e θ 1 and e θ 2 converge to zero trivially.
Using these sliding surfaces, three control laws have been designed for the reaching and sliding phase of each sliding surface. With the fixed axis rotation approximation made for the MAMR dynamics in (14) , (15) , and (16), the reaching phase is simplified to a simple stabilizing controller about the desired angle. The equations of motion given by (8) , (9), and (10) can then be used for the design of the sliding part of the control law. For the stopping phase, the dynamics of the MAMR are approximated as a one-dimensional mass system with unknown coefficient of friction, Therefore, using (14) , (15) , and (16) for the reaching phase and (8), (9), and (10) for the sliding phase; three controllers are designed for each sliding surface: controller for the reaching phase, the sliding phase, and the stopping phase. By switching among the two sliding surfaces and the three controllers, the MAMR is driven from any initial configuration C 0 to a desired final configuration C f in finite time. Without loss of generality, the three controllers are designed for the first sliding surface S 1 (θ). These controllers include:
1. Reaching phase: Regardless of the robot's initial orientation in the x − y plane, the robot is made to orient about the desired sliding angle θ d 1 to reach the sliding surface. To achieve this orientation, the controller given by u = [
T when Brake 2 is activated is proposed. Note that F (i) is set to 1 for the active brake and 0 for the inactive brake. The driving force F d is the stabilizing control law given by
where K p and K d are the proportional and derivative gains, respectively. In this case, the equations for fixed axis rotation given by (14) , (15) , and (16) 
From the error dynamics given by (21) , it can be shown that e θ 1 → 0 as t → ∞ for K p > 0 and K d > 0. Furthermore, the system will be overdamped if the gain K d is chosen as
2. Sliding phase: As opposed to the Ackermann steered mobile robots, the MAMR will not slide on an arbitrary sliding surface. The curvature of the sliding surface for the MAMR is limited by the robot geometry. For example, for high curvature the brakes will not have enough control authority to keep the robot on the surface when moving at high speed. However, for a straight line, once on the sliding surface, it will remain moving on the sliding surface for all driving force under sufficiently fast switching of the two brakes. Toward this end, controllers given by
T are used to achieve the objective, where
(1 − sgn(S 1 (θ))), and F d is any driving force to drive the robot along the sliding surface. To prove this, the same procedure as [18] is followed except the equations of motion given by (8), (9) , and (10) are used. The necessary and sufficient conditions for the trajectories to stay on the sliding surface are S 1 (θ) = 0 anḋ S 1 (θ) = 0 [24] . In addition, the following conditions are trivially true on the sliding surface (a) The two brakes are off, µ
(b) The orientation error, e θ 1 , is zero, resulting in θ = θ d 1 .
(c) The time derivative of the orientation error,ė θ 1 , is zero, i.e.,θ =θ d 1 = 0.
Differentiating (17) with respect to time, using the relation for the error along the sliding surface, e c , as
with the errors in the x and y positions being defined as e x = x f − x = −e c cos θ, e y = y f − y = −e c sin θ,
together with using the conditions listed above for the sliding surface, and replacing θ by θ d 1 , the sliding surface dynamics becomeṡ 
Because the derivative of the desired angle on the sliding surface is zero (i.e.,θ d 1 = 0), all terms that are multiple ofθ d 1 in (24) vanishes and results iṅ = 0.
Equation (25) is exactly the same as the equation for the sliding surface dynamics for the holonomic MAMR presented in [18] and hence the same procedure is followed.
Assume that e x = 0 to avoid division by zero. Using the relation between the error in positions and the desired angle as   = 0.
Equation (26) can be further simplified by dividing both sides by e x 3 ey 2 ex 2 + 1 and substituting the time derivative of the position errors given by (23) yieldṡ
Using the relation for double angle formula, 1−2cos
Writing the x and y velocities (i.e.,ẋ andẏ) in terms of the time derivative of the error along the sliding surface (ė c ) by differentiating (23) , and using the double angle formula again, (28) reduces to
which provesṠ 1 (θ) = 0 for any driving force (F d ) and hence the trajectory, once on the sliding surface, stays on the surface for all driving forces all the time under the assumption that the brakes will not saturate. The same derivation also applies for the second sliding surface given by (19) .
3. Stopping phase: It may be desirable to stop the MAMR while sliding along the sliding surface at some desired value, e c . From Fig. 6 , one can see that the desired value is e c = 0. To stabilize the robot about this point, the control law u = −Kx is used, where u = F d , the state vector x = [e c ,ė c ] T , and the vector of control gains as
. For this control scheme the system is treated as a one-dimensional mass system with Coulomb friction since it has been shown that the previous control law keeps the robot on the sliding surface.
Because of the fast switching of the two brakes, the coefficient of friction is unknown but bounded by 0 from below and 1 from above.
To prove the stability of the system under the state feedback control law, the discontinuous Coulomb friction model is approximated by a continuous hyperbolic tangent function as
where
and γ 2 is a constant number. A large value of γ 2 is recommended for better approximation of the discontinuous friction model by hyperbolic tangent function. With this assumption, the error dynamics on the sliding surface is given bÿ
If the states are defined as x 1 = e c and x 2 =ė c , and the control input as F d = u, the dynamics in state space form becomeṡ
Since the goal is to stabilize the system about (0, 0), linearizing (32) about this point yieldṡ
Because the pair (A, B) in (33) is full rank, the system is controllable and hence a state feedback control law can be designed to stabilize the robot about x = 0. The poles of the closed loop dynamics, (A − BK), can be placed to any desired point using the control law given by u = −Kx.
Substituting the linear control law (u = −Kx) into the nonlinear dynamics given by (32), the closed loop dynamics becomeṡ
The stability of the closed loop system given by (34) can be proved by using Lyapunov's direct method. A candidate function given by
with K 1 > 0 is considered. Differentiating the candidate function with respect to time results
With the coefficient of friction being bounded as µ k ∈ [0, 1] and γ 1 ≥ 0, the term x 2 tanh(γ 2 x 2 ) ≥ 0 for ∀x 2 , making the first term in (36) negative. For (36) to be negative semi-definite (i.e.,
V (x) ≤ 0), the gain K 2 has to be chosen as K 2 > 0. Therefore, by choosing the gains as K 1 > 0 and K 2 > 0 for the linearized system, a sufficient condition for local stability is attained asV (x) ≤ 0, and hence the closed loop nonlinear system is locally stable at x = 0.
In addition, because the Lyapunov candidate function given by (35) is radially unbounded, i.e., V (x) → ∞ as ||x|| → ∞, the equilibrium point x = 0 is globally stable.
In extension to the above results, the global asymptotic stability of the equilibrium point is checked by Lasalle's invariant principle. IfV (x) is identically zero over a nonzero time interval, the system trajectories can be computed by setting (36) to zero aṡ
Solving for x 2 from (37) results in x 2 = 0 ∀t =⇒ẋ 2 = 0. Then, substituting x 2 = 0 anḋ
Therefore,V (x) does not vanish along the system trajectories other than x = 0, and hence the equilibrium point of the closed loop system (x = 0) is globally asymptotically stable.
Experimental Setup
The experimental setup used for validation of the controller designed in Section 3 is presented here. The setup is similar to the one presented in [15] . The robot used for the experiments in this work uses a rubber wheel together with a solenoid as a brake to increase the coefficient of friction between the wheels and the ground. As a result, when one brake is activated and for sufficiently small driving force, the robot will pivot about the active brake and the dynamics are approximated as fixed axis rotation, which was the assumption made for the reaching phase. In addition, the motor driver for the drive wheel was replaced by a Cytron 10A DC motor driver Arduino shield to improve driving force.
The position and orientation information of the robot are obtained using an OptiTrack camera system. The cameras are mounted high on the wall to track the MAMR in the capture volume. The capture volume is constructed in such a way that at least three cameras are able to see the robot at a given time. Three spherical reflective markers are mounted on the robot in an asymmetric manner for tracking reliability and for the software to identify the orientation properly.
The overall work flow for the experiment is shown in Fig. 7 which listens to commands arriving via the serial port, executes the commands, and returns a result if needed. In this experiment, the tracking software is run in the background with appropriate settings that allow real-time streaming to MATLAB.
Experimental Results
In this section, the effectiveness of the controller designed in Section 3 is validated through experiments. The block diagram for hardware control implementation is shown in Fig. 8 . The goal is to park the MAMR from any initial configuration C 0 = [x 0 , y 0 , θ 0 ] to a desired final configuration
in some finite time. To park the robot at the target configuration, we design the sliding surfaces given by (17) and (19) from the initial configuration, and then switch between the reaching and sliding modes of the SMC. Note that some initial configurations may not need the two sliding surfaces to achieve the objective. For example, if the robot is aligned with the x-axis at the initial point, it only uses S 2 (θ) to park the robot at the final configuration along the same axis.
The experimental results for parking the MAMR at point B from point A are shown in Fig. 9 and Fig. 10 . The robot's initial configuration is defined as C 0 = [0.00, 1.00, 30.00] and the desired final configuration is defined as C f = [2.00, 0.00, 0.00], where we remind the reader that the units on R 2 are in meters and the units on S 1 are in degrees. The control effort (i.e., continuous driving force) and the status of the two brakes (i.e., discrete ON or OFF) are shown in Fig. 9 . While it is possible to activate any of the brakes at the beginning, we chose to activate the brake closer to the target point. In this case, Brake 2 was activated at initial point to bring the robot to the sliding surface. Once on the sliding surface (S 1 (θ)), the brakes switch between Brake 1 and 2 to keep the robot on the sliding surface until it gets closer to the target point. When the robot is close to the target point, the controller switches to the reaching mode by activating Brake 1 to make the robot orientation align with the target orientation. Finally, the robot drives along the second sliding surface (S 2 (θ)) by minimizing the error in the x direction until the target point is attained. The plot for the driving force has four parts as shown in Fig. 9 (top): reaching S 1 (θ), driving the robot along S 1 (θ), reaching S 2 (θ), and driving the robot along S 2 (θ). For both reaching and sliding modes, the driving force was bounded from below because of a deadzone present in the drive motor. It is also important to point out that the sliding surface is time varying during the reaching phase but remains constant during the sliding phase as shown in Fig. 10 (bottom).
In Section 3, it was shown that the robot will converge to the desired final configuration regardless of its initial configuration. To show this, different experiments were done for some representative initial configurations. Without loss of generality, the x and y positions were kept the same but different values for orientation were considered. corresponding final values for all test cases. give initial configuration by selecting multiple intermediate target points in between and designing appropriate sliding surfaces between two successive points.
Conclusions and Recommendations
In this work, the effectiveness of the SMC to solve the parking control problem for a MAMR was verified with experiments. It was shown that the robot can be parking to a desired configuration from a given initial configuration within the capture volume. The control algorithm first calculates the sliding surfaces (i.e., (17) and (19)) which will help drive the robot towards the target point based on the initial configuration. The dynamics of the robot were exploited to simplify the design of the controllers for both reaching and sliding modes of the SMC. Under the assumption of sufficiently small velocity at the active brake and small driving force, the dynamics of the robot was approximated as fixed axis rotation. This simplified the controller design for the reaching phase to a simple stabilizing controller about the desired angle. On the sliding surface, because of the fast switching between the two brakes, it was shown that the robot stays on the surface for any driving force for all time. However, in this application, the robot was stopped when it gets sufficiently close to the target point. In this case, the robot dynamics were approximated as if it were a one-dimensional mass system, which simplified the controller design.
It was also shown that, for the same initial position, the robot converges to the same sliding This work focused on parking the robot from a given initial configuration to some target configuration without attention to rate of convergence and optimality. In future work, the authors would like to study the optimal solution for the parking problem and use this solution as a bench mark to compare any other sub-optimal solutions. The authors also would like to work on the parking problem in the presence of fixed and moving obstacles. For this case, the multiple point parking scheme using SMC presented in Section 5 could be exploited. Furthermore, one of the main advantages of using the mixed conventional/braking actuation concept over conventional actuators in mobile robotic systems was regaining controllability of the system under primary conventional actuator failure. Therefore, in future work, we would like to prove this concept and present a supporting examples.
